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Multi-loop  linear-quadratic  state-faadback 
rayulators  arc  shown  to  be  robust  ayainst  a 
variety  of  largo  dynasdcal,  tisie-varying,  and  non- 
linear variations  in  opan-loop  dynasiics.  The 
results  arc  interpreted  in  term  of  the  classical 
concepts  of  gain  and  phase  narginp  thus  strength- 
eninq  the  link  between  classical  and  Bodsm  feed- 
back theory . 

\ 

I . Introduction 

Historically,  feedback  has  been  usad  In  con- 
trol systam  engineering  as  a awans  for  setlsfying 
design  constraints  requiring 

1)  etabilization  of  insufficiently  stable 

systeme , 

3)  reduction  of  system  response  to  noise, 

3)  realization  of  a specific  input/output 
relation  (e.g.,  specified  poles  and 
zaroea) , or 

4)  lmi>rovi<munt  of  a syatem's  robustiiuss 
against  variations  In  Its  open-loop 
dynaml ch . 

Classical  fecdtiack  syntbnslr.  techniques  includu 
procedures  which  ensure  directly  that  each  of 
these  design  constraints  is  aatlsfied  (1)  and  (2). 
Unfortunately,  the  direct  methods  of  classical 
feedback  theory  become  overwhelmingly  complicated 
for  all  but  the  simplest  feedback  configurations. 
In  particular,  the  classical  theory  cannot  cope 
aligily  and  effectively  with  multiloop  feedback. 

Linear-Quadratic-Oaussisn  (LQG)  control 
theory  has  made  relatively  siagilo  the  solution  of 
many  multi loop  control  synthesis  problsms.  Ths 
LQG  techniqua  (3)  provides  a straightforward  means 
for  synthesizing  stabls  linear  feedback  systems 
which  are  insensitive  to  Gaussian  white  noise. 
Variations  of  the  LQG  technique  have  also  been 


* This  research  was  conducted  at  the  M.I.T.  Elec- 
tronic Systems  Laboratory  with  partial  support 
extended  by  N/tSA/Aa<os  Research  Center  upder  grant 
NU.-22-009-124  and  by  APOSK  under  grant  72-2273</ 

**Koom  36-308,  Hassachusetts  Instituts  of  Techno- 
logy, Castirldgc,  Massachusetts  02139. 


devised  for  the  synthesis  of  feedback  systsm* 
with  specified  poles  (4,  pp.  77-87],  (S],  [6]. 
Thus,  the  LQG  technique  is  a valuable  design  aid 
for  satisfying  the  first  three  of  the  aforemen- 
tioned design  constraints. 

The  results  which  follow  show  how  the  multi- 
variable  LQG  design  can  satisfy  constraints  of 
the  fourth  type,  i.s.  constraints  requiring  a 
systsm  to  be  robust  against  variations  in  open 
loop  dynamics.  The  Linear-Quadratlc-State- 
Peedback  regulator,  which  we  refer  to  as  th* 

LQSP  regulator.  Is  considered.  The  robustness  of 
LQSF  regulator  designs  against  variations  in  open- 
loop  dynaaiics  is  measured  in  terms  of  multiloop 
generalization*  of  the  classical  notions  of  gain 
and  phase  margin.  It  is  shown  that  LQSF  multi- 
varlabla  designs  have  the  property  of  an  Infinite 
gain  margin  and  ^60*  phase  margin  for  each  con- 
trol channel. 

Such  robu8tru.Bs  results  may  appear  incorrect 
at  first  glance,  especially  to  control  engineers 
faadliar  with  classical  servomechanism  design. 

It  should  be  noted  that  In  classical  servomech- 
anism design  the  dimension  of  the  coey^enaators 
used  (a.g.,  lead-lag  networks)  generally  leads  to 
large  phase  lags  at  high  frequencies,  so  that  one 
Slay  never  have  thu  infinite  gain  SMrgin  property. 
However,  it  should  be  stressed  that  when  one  uses 
full  statc-variablo  feedback  one,  in  effect,  in- 
troduces a multitude  of  zeroes  in  the  compensator) 
it  is  this  abundance  of  zeroes  together  with  the 
Linear-Quadratic  optimal  design  ptocedurs  that 
results  in  the  surprising  robustness  properties 
of  LQSF  designs. 

In  order  to  provide  a more  detailed  and 
rpalistlc  bridge  between  the  classical  and  atodarn 
approaches,  especially  with  respect  to  robustness 
issues,  one  has  to  sxaaiine  the  case  in  which  not 
all  state  variables  arc  available  for  feedback. 

In  the  modern  control  approach,  one  would  then 
have  to  use  a state  reconstructor  (Luenberger 
observer  or  constant  gain  Kalaian  filter).  The 
overall  robustness  properties  of  such  designs  ars 
not  entirely  settled  as  yct>  they  will  be 
addressed  in  a future  publication.  Also  thara  are 
Interesting  and  as  yet  unresolved  Issues  of  the 
robustness  properties  of  output  (or  liisitsd-stats) 
variable  feedback  designs  using  quadratic  par- 
forauinee  criteria  (31]. 

Exploiting  the  matheaiatlcal  duality  between 
Kalman  flltara  and  Linear-Quadratic  optianl  feed- 
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back  control Inra , tha  autliorx  hava  ahown  that  the 
robuatnnss  tanult:i  of  thin  I'aiHM  load  to  conditiona 
for  the  iKin-di vorijonca  of  (ho  oat  Imatoa  iionoratad 
by  nonlinear  flltore  of  (ho  ty|a<  c»iiald<<rod  hy  Gll- 
Mn  and  Mhudaa  |ll)i  theuo  dual  loaulta  will  l>« 
tha  topic  of  a future  publlcat  Ion.  In  contraiit 
to  the  raaulta  praaanted  hoio,  (ho  dual  iionllnuar 
filtarlnq  reaulta  ret^ulra  thn  avallabtllty  of  an 
exact  description  of  the  system  uiuler  consiih'ta- 
tlon  and  hence  have  no  coni'aralilp  robustneHs  Intar- 
pratatlon.  It  can  be  shown  that  substituting  the 
non-dlverqent  state-estimate  from  this  type  of 
filter  for  the  true  state  In  a nonlinear  state- 
feedback  raqulator  will  not  destablllie  the 
closed- loop  system. 

II , Previous  Work 

The  fundamental  %iork  on  the  robustnesa  of 
faadback  systama  is  due  to  bode  |1,  pp.  4S1-8B] . 
Employing  tha  Nyquist  stability  criterion.  Bode 
showed  how  the  notions  of  qaln  and  phase  margin 
can  be  exploited  to  arrive  at  a simple  and  useful 
means  for  characterizing  the  classes  of  variations 
in  open- loop  dynamics  which  will  not  destabilize 
single-input  feedback  systems.  The  engineering 
Implications  of  Bode 'a  results  are  further  devel- 
oped by  Horowitz  12).  Although  the  Nyquist  cri- 
terion has  been  extended  to  multiloop  feedback 
systems  (7)  and  [8],  there  has  as  yet  been  only 
limited  success  in  exploiting  the  multiloop  version 
in  the  analysis  of  multiloop  feedback  system  ro- 
bustness (91-1141 . 

Regarding  the  robustness  properties  specific 
to  Lgsr  regulators,  perhaps  the  most  significant 
results  is  due  to  Anderson  and  Moore  (4,  pp.  70- 
76).  Exploiting  the  fact  that  single-input  LQSF 
regulators  have  a return-difference  greater  than 
unity  at  all  frequencies  (IS),  these  authors  show 
that  single-input  LQSP  regulator  designs  have  f60* 
phase  margin,  infinite  gain  margin,  and  504  gain 
reduction  tolerance.  It  has  also  been  shown  that 
the  gain  properties  extend  to  memoryless  nonlinear 
gains  of  the  type  shown  in  Figure  1 (16)  and  (4, 
pp.  96-98)).*  Related  results  by  Barnett  and 
Storey  (18)  and  Wong  (19),  (35)  parameterize  a 
class  of  linear,  constant  perturbations  in  feed- 
back gain  which  will  not  destabilize  a multi-loop 
bQSF  regulator.  A generalization  of  the  latter 
result  to  multiloop  nonlinearities  in  optimal  non- 
linear state-feedback  regulators  with  a quadratic 
perfonnance  index  is  incorrectly  attributed  to  (16) 
by  (20).  Insofar  as  the  generalization  stated  in 
(20)  applies  to  bQSF  regulators,  it  is  essentially 
equivalent  to  theorem  1 of  this  paper. 

Various  other  results  have  been  produced  which 
are  more  or  less  indirectly  related  to  the  ques- 
tion considered  here.  Issues  related  to  the  in- 
verse problem  of  optimal  control,  i.e.  the  charac- 
terization of  the  properties  of  optimal  systems, 
are  considered  by  (15),  and  (20)-(24).  The  ques- 
tion of  sensitivity  in  VQSF  regulators  is  con- 
sidered by  (10),  (15),  and  (25)-(28).  The  stabil- 
ity conditions  of  7amos  (29)  and  (30)  Involving 
loop  gain,  conlclty,  and  positivity  have  aiany 


This  result  la  attributed  by  Anderson  (16)  to 
Sage  (17). 


features  In  cosmion  with  tha  results  which  are  pre- 
sented hare. 

III.  Definitions  and  Notation 

The  following  conventions  of  notation  and  ter- 
stlnology  are  uaedi 

(1)  A^  (x^)  denotes  tha  transpose  of  tha 
matrix  A (the  vector  x^) . 

(ii)  A*  denotes  the  adjoint  of  the  matrix 
A (i.a.,  the  complex-conjugate  of  A^> . 

(til)  Na  say  that  the  function  x:(0,  *>)  -*  r" 
la  square-integrable  if 


f x*(t)  X 
Jo  ~ 


(t)  dt  < w. 


(iv)  The  term  operator  is  reserved  for  func- 
tions which  Slap  functions  into  func- 
tions. For  example,  a dynaatical  system 
may  be  viewed  as  an  operator  mapping 
input  time-functions  into  output  time- 
functions. 

(v)  We  say  that  on  operator  N with  N 0^  • 0_ 
has  finite  gain  if  there'exists  a 
constant  k < ••  such  that 

J((N  u)  (t)l’‘((N  u)  (t)ldt 
o' 

< kf  u’^(t>u(t)  dt 

Jo  ~ ~ 

tor  all  square-integrable  u. 

(vl)  We  say  that  an  operator  mapping  input 
time-functions  into  output  time-func- 
tions Is  non-anticipative  if  the  value 
aaaiined  by  the  output  function  at  any 
time  t depends  only  on  the  values  of 
the  input- function  at  times  t 5. 

(vii)  If  a function  ic:(0,  •>)  ■»  r"  has  the 
property  that 

lim  x(t)  - 0 
f»*  “ 

then  we  say  that  x is  asympotically 
stable.  A system  of  ordinary  differen- 
tial equations  is  asysytoticallv  stable 
if  every  solution  is  asysptotically 
stable. 

(viii)  If  (S)  denotes  tha  system  x(t)  * (Fx)  (tl 
where  F 0 - 0,  we  say  that  the  pair 
(H,  Sl'is  detectable  if,  for  each 
XI  (0,  m)  -»  R"  satisfying  (S)  with  x not 
square-integrable,  K x is  also  not 
square-integrable.  The  significance  of 
detectability  Is  most  apparent  if  we 
consider  ii(t)  as  a description  of  the 
internal  dynamics  of  some  physical 
system  and  (H  x) (t)  as  the  observed 
output.  Viewed  in  this  manner,  detect- 
ability means  essentially  that  unstable 
behavior  in  the  system's  internal  dy- 
namics always  results  in  an  output 
which  is  unsto):le.  For  example,  if 
is  a non-elngular  square  matrix,  then 
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(H,  S)  will  b«  detactabla. 

(ix)  We  say  that  an  operator  Mapping  tiaa- 
functions  into  tlnr- functions  is 
Mosoryloss  if  the  value  assumed  hy  its 
output  function  at  any  instant-  tg  de- 
pends only  upon  tg  and  the  instantan- 
eous value  of  the  input  function  at 

tiMC  tg. 

(x)  t.  * — ^ S)  u*®*!  fo  indicate  that 

the  Matrix  A is  positive  definite  (semi- 
dafinite)  . 

(xi)  Na  say  that  a rational  transfer  func- 
tion P(s)  is  proper  if  P(s)  has  at 
^***t  as  many  poles  as  seroes. 

IV.  Problem  Formulation 


Wa  assume  that  M la  a finite  gain,  non-anticlpa- 
tive  operator  with  ^ • 0 (see  Figure  2).* 

V.  Results 

The  two  theorems  which  foll^  quantitatively 
characterize  the  tolerance  of  (^)  to  perturba- 
tions M.  It  is  noted  that  the  significance  of 
these  results  is  not  restricted  to  systems  with 
perturbations  originating  only  at  the  point  shown 
in  Figure  2.  Rather,  it  is  only  necessary  that 
the  system  under  consideration  have  open-loop 
input/output  behavior  which  is  the  same  as  the 
0|>en-loop  behavior  of  (^) . Both  of  the  theorems 
which  follow  have  interpretations  in  terms  of 
generalizations  of  the  classical  notions  of  gain 
and  phase  margin.  The  proofs  are  given  in  Appen- 
dix A. 


The  Linear-Quadratic-State-Feedback  (LQSF) 
regulator  problem  can  be  formulated  as  follows 

min  J(£,  u) 
u 

subject  to 

*{t)  - A x(t)  B u(t)  ) x(0)  “ *0  ) (<•!) 

x(t)  c r",  u(t)  c A c r"*", 

, n»m 

BCR 

where  the  performance  index  J(x,  u)  is  given  by 
J(x,  u)  - I Ix^(t)  £ x(t) 


« u (t)  R u(t))dt 


(4.2) 


i 2'  £ " * O' 


The  optimal  control  u*(t)  and  the  associated  opti- 
mal stata-trajoctory  ii*(t)  arc  given  by 

x*(t)  - A x*(t)  ♦ B u*(t)i  x*(0)  - »o|  / .V 

u»(t)  - -H  x*(t)  r I / 

where  A * ^ £ satisfies  the  Riccati  equation 

£ - K A ♦ a'^'k  - IC  B R'Vk  ♦ £.  (4.3) 

The  minimal  value  of  the  performance  index  is 

(4.4) 


J(x»,  u*)  - X K ir. 
- - -0 0 


The  class  of  systems  considered  here  are  per- 
turbed versions  of  (5^*)  satisfying 


^ £(t)  “ A x(t)  ♦ (£Mu)(t)t 

x(0)  • X 
— -O 


(£) 


u(t)  - -H  Jl(t) 
where  A,  B,  x^,  and  H are  the  same  as  in  (^*) . 


Theorem  1 — (LQSF  Multiloop  Nonlinear  Gain 
Tolerance) 

Let  the  perturbation  N of  (^)  be  a memory  leas, 
time-varying  non-linearity, 

(N  u)  (t)»  f(u(t) , t) . (5.1) 

If  there  exists  a constant  6^0  and  a constant 
It  < » euch  that  ** 

^ t)  (5*2) 

for  all  u C f"  and  all  t C (0,  ••) , then 

J(x*,u»)  > f lx^(t)g  5(t) 

~ •'0 

* B ^(t)  R u(t)ldt  (5.3) 

and  If,  additionally,  t]  is  detectable  then 

(y**)  is  asymptotically  stable,  o 

Theorem  2 — (LQSF  Multiloop  Gain  and  Phase 
Margin) 

Let  the  perturbation  M of  (Y*)  be  a finite 
gain,  linear,  time-invariant  operator  L with 
rational  transfer  function  matrix  Ma)T  If  for 
all  u 

L(ju)R"^  ♦ R'Vdu)  - r"^  > £ (5.4) 

and  if  £]  is  detectable,  then  (^)  is 

asymptotically  stetble.O 

The  results  of  Theorems  1 and  2 apply  only  in 
situations  where  the  perturbation  N i*  either 
mcsnryless  or  linear-timc-invariant.  While  this 
covers  many  interesting  situations,  these  are  not 
the  most  general  results  possible.  In  Appendix  B 
it  is  shown  that  the  stability  conditions  of 
t)>eoreisa  1 and  2 are  actually  special  cases  of  a 
more  abstract  result  concerning  the  input/output 
stability  of  a class  of  systems  including  (f)  as 
a special  case. 


* The  condition  M £ • 0^  is  not  restrictive  since 
we  can  always  consider  tha  'DC'  or  steady-state 
effects  separately  as  is  conson  engineering 
practioe. 
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VI . Di'i>u'.»s  ton 

Thoorimui  1 «n<i  J chatactprizv  a wld#  clasa  of 
variations  In  op«>n-loop  dynamics  which  can  bo  tol- 
oratod  by  LS^K  r«*«julator  dosiqns.  To  approciato 
tha  slqnificai  -e  of  these  results  and.  In  particu- 
lar, their  relation  to  classical  gain  and  phase 
Biargin,  It  is  instructive  to  consider  the  special 
case  depicted  in  Figure  3 in  which 

ft  > 2. • (6.1) 

K ° 1 


when  R • dlaq(rj, . . . ,r„) . 

Frnai  corollary  4,  the  following  two  results 
follow  directly: 

Corollary  'll  (njsF  tfiO*  Hultlloop  Phaui" 
Margin) I If  ^ and  R satisfy  (b.l)  and  (6.2),  then 
a phase  shift  with  |$i|  £ 60*  In  the  respective 
feedbacic  loops  of  each  of  the  controls  u^  will 
leave  an  LQSF  regulator  asymptotically  stable.  □ 

Proof ! Ta)ie  P^CJu)  ■ e^^l  ***' . From  corollary 

4,  tm  require  cos  ^ (u>)  > -|- or  |^.(w)|<  cos~^(l/2) 
- 60*.  Q 1-2  i - 


R - dlag(rj^,...,r^)i 


0 rj  .. 


0 0 ...  r_ 


.(6.2) 


and  tha  perturbation  N aatisfiea 


^ “l 


N u 

-■  SI 


(6.3) 


torollarv  6;  (Multiloop  LQSF  Infinite  Gain 
Margin  and  50%  Cain  Reduction  Tolerance) : lift 

and  R satisfy  (6.1)  and  (6.2),  then  the  insertion 

of  linear  constant  gains  2.  y Into  the  feed)9ac)i 

loops  of  the  respective  controls  u,  will  leave  an 
LQSF  regulator  asysqptotlcally  stable.  □* 

Proof  1 Follows  trivially  from  corollary  4.Q 

Corollaries  5 and  6 are  obvious  multi loop 
generalizations  of  the  previously  established 
result  (4,  pp.  70-76)  that  single-input  LQSF  regu- 
lators have  infinite  gain  margin, ±60*  phase  mar- 
gin, and  50%  gain  reduction  tolerance. 


so  that  the  p<.rturbations  in  the  various  feedbac)c 
loopn  ai>.  non-lntcract  ing. 

In  this  case  theorem  1 siwciallzes  to  the 
fol lowing: 

Corollary  3:  If  the  perturbed  system  (T^) 

satisfies  (6.1),  (6.2),  and  (6.3)  and  each  of  the 
perturbations  is  mesoryless  with  (M^u^)  (t) 
r f^(uj^(t),  t)  and  for  soaa  k < 0,  some  8 > 0 and 
all  t C 10,  ••) 

f^(0,t)  - 0 (6.4a) 

k > i f^(u,t)  for  all  u / 0 (6.4b) 

(see  Figure  1) , then  (^)  it  asymptotically  stable 
and  (5. 3)  holds.  O 

Proof  I Tills  follows  immediately  from 
t)ieorem  1 . ( i 

If  wo  consider  Uic  case  In  which  the  Nj's  of 
the  system  In  Figure  3 are  linear  tisic-invariant 
0|>erato>s,  then  ttieorem  2 liccomos: 

corollary  4:  If  the  perturbed  system  (^) 

satisfies  (0.1),  (6.2),  and  (6.3)  and  if  each  of 
the  perturbations  N.  is  linear  and  time-invariant 
with  proper  rational  transfer  function  P, (s), 

Ra(Sj)  < 0 for  each  i>olc  s,  of  ^i(^>  and 
Re(Pi(3(a)li  1/2  for  all  u,  t^en  (^)  is  asymptoti- 
cally stable.  □ 

Proof:  The  condition  Re(sj)  < 0 assures  that 

{(  has  finite  gain.  Taking  L(s)  - diag(P^(a)),  the 
result  follows  immediately  from  ttieorem  2.0 

From  corollary  3,  it  is  clear  that  the  suffi- 
cient condition  for  stability 

i f(u)  > i , (6.5) 

proved  in  (4,  pp.  96-98]  and  (16)  for  single-input 
LQSF  regulators,  generalizes  to  multiloop  systems 


VII . Conclusions 

Results  tiavc  been  generated  which  quantita- 
tively characterize  a wide  class  of  variations  in 
open-loop  dynamics  which  will  not  destabilize 
IQSF  regulators.  A ±60*  phase  margin  property  of 
LQSF  regulators  has  been  established  for  multi loop 
systems  (corollary  5) . The  class  of  nondestabili- 
zing  linear  feedback  perturbations  for  multiloop 
LQSF  regulators  has  been  extended  to  include 
dynaadcal,  translar-function  perturbations 
(theorem  2) . A nonlinearity  tolerance  property 
for  LQSF  regulators  has  )3een  proved  (theorem  1) . 

An  upper  bound  on  the  performance  index  change 
in  a perturbed  LQSF  system  has  (seen  established 
(Eq.  (5.3)  in  theorem  1 and  corollary  3).  The 
latter  result  can  l>e  interpreted  as  a measure  of 
the  stability  of  a perturbed  LQSF  regulator  in 
comparison  with  the  unperturbed  regulator.  The 
process  of  generating  these  results  has  brought 
pertinent  previous  results  (4,  pp.  70-76,  96-98), 
(16),  (18)-|20)  together  under  a unified  theoreti- 
cal framework. 

The  results  presented  show  that  modem  multi- 
loop LQSF  regulators  have  excellent  robustness 
properties  as  measured  by  the  classical  criteria 
o{  gain  and  phase  smrgln,  thus  strengthening  the 
link  >3etween  modern  and  classical  feedback  theory. 
Additionally,  these  results  show  that  multiloop 
LQSF  regulator  designs  can  tolerate  a good  deal 
of  nonlinearity.  The  quantitative  nature  of  the 
results  suggests  that  they  may  be  useful  in  the 
synthesis  of  robust  controllers. 

Although  the  results  presented  all  specify 
that  tha  tolerable  perturbations  be  measured  with 
respect  to  a perfect  state-measurement  LQSF 
system,  it  is  apparent  that  statements  may  also 
be  made  about  the  general  LQG  regulator  if  tha 


*Corollazy  6 is  a special  case  of  a result  proved 
by  Korng  (19),  (35), 
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• ffvct  of  th«  KalMn  filtar  on  tha  aystaa's  opan- 
lou|’  dynamca  la  vlrwad  aa  a cumtxincnt  of  the  per- 
turbation N, 

»tn>andla  a 

Proofa  of  Ttieoniinn  1 and  i 

Na  begin  by  Introducing  tliu  following  nota- 
tion to  facilitate  the  proofs i 

(1)  The  Inner-product  space  L "co,  —I  Is  defined 

by 


> -2  < S , K(h  - B N R*^bJk)  > 

" ^ it'  5!  ■ <*•*> 

Using  (A. 4)  and  tha  fact  that  u • -r'^b'^K  x,  wa 

hava 

SoE  5o  ■ * 5^'  a if*  • ® 

* <jj,K  ■ <2  N - (1+6)I.)r'^B^K  x^> 


L-"(0,  •)  “ {x|x:[0,  «)-*r". 


•'0  ~ 


(t)dt  < «} 


(t)  Jf{t)dt 


(A.  la) 


(A. lb) 


(11)  The  extanslon  L-  "(0,  •)  of  L,"l0,  ••)  Is 
deflnad  by 


tja"l0,  -)  - (x|x.(0,  -)-r'‘, 

x^(t)x(t)dt  < “ for  all  t)  (A.  2a) 

(<x,);^>  If  tha  Integral  (A. lb) 
<x,y>^  - I converges 

( m 


othaiwlsa 


(A. 2b) 


(111)  Tha  linear  truncation  operator 

")  Lj"(0,  ••)  la  defined  by 


- <b\  x^j,  (2  N - (U8)nR“^B’^K 
> 0.  (A. 7) 

Rearranging  and  taking  the  lladt  T -»  **,  (A.S) 
follows.  Now,  suppose  for  the  purpose  of  argusant 
tiiat  X Is  not  squara-integrabla.  Since  , fl 

is  detectable,  this  steans  ib- 

creases  without  bound  aa  t Increases,  contradict- 
ing (A.S).  Therefore,  x Is  square-lntegrable.  By 
hypothesis  N and  hence  A - B M R'^bJk  have  finite 

gain.  Thus,  x - (A  - B W R'^b’^Wx  is  also 
square-lntegrable.  Since  both  K and  x are  square- 
lntegrable,  it  follows  (cf.  [327  pp.  23S-237J) 
that  £ Is  asynptotlcally  stable.  □ 

Proof  of  Thoorcw  l!  Equation  (5.2)  ensures 
that  (A. 4)  Is  satisfied  Since,  for  eeaxiryless 
N,  X Is  the  state  of  (^)  and  since  the  Initial 
tlae  t • 0 Is  iwt  distinguished,  the  asynptotlc 
stability  of  la  assured  It  x Is  asynptotlcally 

stable  for  every  initial  state  x(0)  “ x . Theoren 
1 follows  frosi  (4,4)  and  theoren  A.I.Cj 


1x(t)  if  t C (0.  T) 

(A.  3) 

0 otherwise 

For  brevity  of  notation  we  denote  P^x  by  x^. 

The  key  result  In  tha  proofs  of  theorons  1 
and  2 lx  tha  following i 

Theoren  A.li  If  t)>e  perturbation  M of  (J^) 

Is  sue))  that  for  soeie  0^0 

< u,  (2N  -(!♦[))  1)r'^u>  10  (A.4) 

for  all  u C ••) , then  (1) 

Xq^K  Xq  1 < X,  ; > ♦ B <u,  R u>  (A.S) 

where  i,  ^ are  tha  solution  of  iT'}  , and  (11)  If, 

additionally,  12.^^^,  ^)  Is  detectable,  then  £ Is 
asyspotlcally  stable  and  square-lntegrable. d~ 

Proof!  Ppr  K the^solutlon  of  (4.3)  and  5 the 
solution  of  (^)  with  x(0)  ■ x^,  we  have  that  for 
every  T C [0,  ••) 

Xq^K  *0  " t i*''*  ■ r dt  x(t)  )dt 

- x'(t)  It  i(T)-2<lt  (R  - B M 


Proof  of  Theoren  2i  From  (5.4)  and  Parseval's 
theoren  It  follows  that,  for  every  u e L^tO,  •) 

<u,  (2  M - l)R*^u>  - <u,  (2  L - i)R‘^u> 

“ ^ J U*(J(il)  (L(ju)R  ^ R ^ L»(j(i))  - 

- R"^)U(jU)dU  > 0 (A.S) 

where  (((ju)  is  t)>e  Fourier  transfom  of  u.  Th\u 
(A. 4)  is  satisfied  with  6 • 0.  Since  [^^^,  f) 

Is  detectable,  theorem  A.l  Implies  that  1 Is 
asynptotlcally  stable,  regardless  of  the  value  of 
It  follows  that  the  .weighting  pattern  W(t) 
(i».e.,  the  response  of  to  an  Inpulse  lj,fi(t) 
where  fi(t)  Is  the  Dirac  delta  function)  Is  asysp- 
totically  stable. 

Fron  standard  results  on  linear  systans 

we  have 

(I)  V(s)  - Us  a A - B 

where  W(s)  is  the  I,aplace  transfom  of  w(t) , 

(II)  N(t)  - C,  (t)e*^*  (A. 10) 

s^C  C(N) 

where  C(t)  are  non-sero  matrices  of  polynoaiials 
In  t ana  C(H)  is  the  set  of  eliaracterlttic  fre- 
quencies of  H(t) , and 


S 


UU)  P(W)  - 2(W)  CC(W)  c P(W) 

«h«r* 

2(W)  £ {«^|d«it(tf(«^) ) - 0) 

l*(W)  .=  l*J  . o) 

(Wa  call  Z(H)  and  P(W)  raspactlvrly  the  xaroaa  and 
tha  polaa  of  W(a>.)  Since  W(t)  is  squara- 
Intaqrabla, 

hats^I  < 0 for  all  s^  c C<W) . (A. 12) 

Tha  dynaailcs  of  (^)  are  described  (not  nec- 
essarily ■inimally)  by  the  differential  equations 


i s - A -B 

X 

. .-IT 

I^(S)R  BK  I^(S) 

u 

w ^ 

. 

(A. 11a) 
(A. 11b) 
(A. lie) 


where  s - L (s)  and  I.  (s)  are  polynosiial 

dt  N D j 

Mtrlcos  satisfyinq  L(s)  - I^(s),  and  tha 

ropts  of  det|^(a))  are  tha  poles  of  L(s)  . For 
(5j  to  ba  asymptotically  stable,  wa  require  that 
tha  roots  of  the  characteristic  polynosiial  p(s) 
associated  with  (A. 13)  all  have  naqativa  real 
parts,  usinq  a wall-known  matrix  identity,  we 
have  from  (A. 9)  and  (A. 13) 


P(s) 


= dat 


Is  - A 

-1  T 

I^(S)R  BK 


-B 

Lp(s) 


« dat(t^(s)  1 -detl^s  - A ♦ B 


dat  (^(s)] 
" dat(W(s) ) 


(A.  14) 


and  therefore 
dat(W(n)l 


datIL  (a) ) 
-t) 

p(s) 


(A.  IS) 


reader  is  referred  for  additional  details  and 
further  explanation  of  the  notation  and  termino- 
loqy.  The  ideas  of  (29)  are  further  developed  in 
(331,  (341.  The  stratsqy  used  in  this  proof  In- 
volvos  showtnq  that  the  stability  conditions  of 
theorams  1 and  2 follow  as  immediate  corollaries 
to  a result  (Theorem  B.l)  concerninq  the  input/ 
output  stability  of  a class  of  systems  includinq 
(^)  as  a special  case. 

Me  consider  tha  system 

sx  • Fx  ♦ Gu  ♦ ^ (B.la) 

u - ».  (B.lb) 

where 

. d 

• ■ dt  ' 

disturbance  input, 

F;L  "(R)  -►  L "(R),  GiL  "(R)  -►  t,"(R) 

2a  2a  2a  2e 

are  non-anticlpative  operators 
with  finite  qain,  and 

FO  - 0,  Go  - 0. 

Introducinq  the  dumsiy  variable  w,  the  arbitrary 
constant  c,  and  rearronqlnq,  the  dynamics  of  the 
system  (B.l)  may  be  described  equivalently  by 

E"  tK(i«-»*  ^ Vi- 

w - -(K(A  - F ♦ - G)  (-b”^B^K_  ♦ 

♦ yd-Elg^l  X + ic  5^.  (B.2b) 

The  followinq  result  may  now  be  statadi 
Theorem  B.li  Let  the  operator 

K(A  - F ♦ (j  B - G)  (-R*  Vk)  1 ♦ y 2 

(B.3) 

ba  stronqly  positive.  Then,  the  relation  between 
tha  disturbance  input  ^ and  the  system  output  x 
defined  by  (B.3)  has  finite  qain. 


Prom  (A. 11)  and  (A. IS)  it  follows  that,  except  for 
thr'iir  roots  of  p(s)  which  cancel  with  tha  roots  of 
the  polynomial  ilet  |L.^(s)  1 , all  roots  of  the  charac- 
teristic polynomial  p(s)  are  contained  in  C(W). 
Since  L has  tinitu  qain,  it  follows  that  all  the 
roots  of  det(^(s)|  have  neqative  real  parts.  Thus 
any  cancellations  in  (A. IS)  can  involve  only  roots 
with  neqative  real  parts.  From  (A. 12)  we  conclude 
that  all  the  roots  of  the  e)iaractarlstic  polynomial 
p(s)  have  neqative  real  parts  and,  tience,  ( ^)  is 
asymptotically  stable. a 

Appendix  B 

Input -Output  Stability  of  LQSF  Regulators 

In  this  appendix,  it  la  shown  that  if  we 
restrict,  our  attention  to  the  case  in  which  the 
state  weiqhtinq  matrix  £ is  positive  definite,  it 
is  possible  to  render  a very  compact  proof  that 
the  conditions  of  thaorema  1 and  3 are  sufficient 
to  ensure  the  input/^tput  ataiiility  of  the  per- 
turbed LQSF  system  (^) . 

Tlie  proof  which  follows  is  based  on  the 
positivity  thi'otem  of  Zames  (29),  to  which  the 


Proof:  Me  apply  the  positivity  theorem  of 

Zames  (29,  Theorem  3).  From  the  Riccati  equation 
(4.3)  and  Parseval's  theorem,  we  conclude  that  the 
operator  in  brackets  in  (B.2a)  is  positive  for 
every  C ^ 0.  The  assumption  that  F and  G have 
finite  qain  assures  that  the  operator  in  brackets 
in  (B.2b)  has  finite  qain.  In  view  of  condition 
(B.l),  we  conclude  that  for  c >0  sufficiently 
spall,  the  operator  in  (B.2b)  is  also  stronqly 
positive.  The  result  follows  from  Zames'  posi- 
tivity theorem.  *o 

To  apply  theorem  B.l  to  the  special  cate  of 
(5^) , we  take  F • A,  and  G ~ B N.  Since  2 > 
a sufficient  condition  for  (B.lf  to  hold  it 

(|l-yI.)R‘^  (B.4) 


* Actually,  Zames'  statement  of  the  positivity 
theorem  merely  claims  boundedness  rather  than 
finite  qain.  A careful  review  of  Zames'  proof 
tevaalt  that  the  stronqer  claim  of  finite  qain 
it  justified  in  the  presant  aituation  (cf. 

(34,  p.  1091). 


It  IS  vviUont  that  the  stability  condi* 

tions  of  nu'oroms  1 and  2 arc  special  cases  of 

condition  (H.4)  in  which  the  oi'erator  N is  either 

■H'lfu^ry  less  or  i i ncar'-t iwinvariant . 
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